Abstract. We use the Euler characteristic of the orbit category of a finite group to establish equivalences between theorems of Frobenius and K.S. Brown and between theorems of Steinberg and L. Solomon.
Introduction
Let G be a finite group with unit element e, p a prime number and |G| p the p-part of the group order. An element of G is p-singular if its order is a power of p [6, Definition 40.2, §82.1]. Write
for the set of all p-singular elements in G. In other words, G p is the solution set in G to the equation X |G|p = 1 or the union of all the Sylow p-subgroups of G. A theorem of Frobenius from 1907, or even earlier,
contains as a special case a basic fact about the number, |G p |, of p-singular group elements [7, 12] 
Theorem 1.1 (Frobenius 1907). |G| p | |G p |
The number of p-singular elements is known for the symmetric groups and for the finite groups of Lie type in defining characteristic p:
• The exponential generating function for the number of p-singular permutations in the symmetric groups Σ n is [21, Example 5. The following notation will be used in this note: G a finite group S G the poset of subgroups of G ordered by inclusion,
n p the p-part of the natural number n C (a, b) set of morphisms from a to b in category C C (a) monoid C (a, a) of endomorphisms of a in category C q a prime power F q the finite field with q elements If C G is a category whose objects are all subgroups of G, then
Using Euler characteristics to count p-singular elements
We apply Tom Leinster's theory of Euler characteristics of finite categories [14] to the orbit category O p G . Let ζ be a square matrix with rational coeffecients. A weighting for ζ is a vector k such that all coordinates of ζk equal 1. A coweighting is a weighting for the transpose of ζ. The matrix ζ has Euler characteristic if it admits both a weighting and a coweighting, and the Euler characteristic of ζ, χ(ζ), is then the coordinate sum of a weighting or a coweighting [14, Lemma 2.1, Definition 2.2]. The Euler characteristic of an invertible matrix is the sum of the entries of the inverse.
Let C be a finite category. The ζ-matrix of C is the square matrix ζ(C ) = |C (a, b)| a,b∈Ob(C ) recording the cardinalities of all the morphism sets in C . A weighting or coweighting for C is a weighting or coweighting for ζ(C ). The Euler characteristic of C is χ(C ) = χ(ζ(C )) when C has a weighting and a coweighting. The reduced Euler characteristic of C is χ(C ) = χ(C ) − 1. The Euler characteristic of any finite category with an initial or terminal object is 1.
The finite categories of this note all admit weightings and coweightings. By the weighting for e.g. O p G we mean the weighting that is constant on isomorphism classes of objects [8, p 3035 ].
Lemma 2.1. The number of p-singular elements in G is
where the sum is over all cyclic p-subgroups C of G.
Proof. Declare two p-singular elements to be equivalent of they generate the same cyclic subgroup. The set of equivalence classes is the set of cyclic p-subgroups C of G. The number of elements in the equivalence class C is the number of generators of C:
The weightings for the poset S 
It can be more convenient to work with conjugacy classes of subgroups rather than the subgroups themselves. Let [S ] with entries Proposition 2.3. Let G be a finite group and p a prime number.
(1)
where the sum ranges over all p-radical subgroups K of G. This proves (1) . Item (2) simply expresses that S The weighting, k
] → Q, for the table of marks of the p-radical subgroup classes (2.2) satisfies
for all p-radical subgroups H. The weightings, k
and therefore
which is the third item.
]) can be computed from the table of marks for the p-radical subgroups (2.2).
The content of Proposition 2.3. (3) is that the vector (k
, the modified table of marks, defined to be the square matrix with entries
In other words, k
g ⊆ K} and the orbit set corresponds
is the number of H-supergroups conjugate to K. 
The theorems of Frobenius and Brown for finite groups are equivalent
The following theorem was proved by K.S. Brown [1] Proof. Proposition 2.3.(1) may be rewritten on the form
where we have isolated the contribution from the trivial subgroup and the sum is over classes of non-trivial p-radical subgroups of G. Assume first that Theorem 1.1 holds. In Equation (3.3), we may assume that
Assume next that Theorem 3.1 holds. In Equation (3.3) For every subset J ⊆ Π we have associated subgroups Example 4.6. The group GL 3 (F 2 ) ∈ Lie(2) has fundamental roots Π = {α 1 , α 2 }. Its parabolic subgroups, P ∅ , We are now prepared to prove a version of Steinberg's theorem valid for all parabolic subgroups of K.
Proof. There is always a bjiection between the p-radical subgroups of a finite group G and those of G/O p (G) [8, Proposition 6.3] . In particular, {U J | I ⊇ J} is a complete set of representatives for the p-radical subgroups of P I corresponding to the p-radical subgroup classes of L I . Obviously,
and |P I : N P I (U J )| = |P I : P J | is the length of U J in P I and K. By Proposition 2.3. (1), the number of p-singular elements in P I is 
are two q-analogs of Witt's identity [24] [19, (5)] 
2 ) = (−1) m and for the Steinberg group SL − 2m+1 (F q ) of rank 2m and twisted rank m they are The first multisets of subsystems are S( where Π(a) is the set of fundamental roots and Π(a)/C 2 the orbit set. Then P (S(A 1 )) = {1, −P (A 1 )}, P (S(A 2 )) = {1, −P (A 2 )} and one may now determine the multisets of polynomials for all the C 2 -root systems A 2m−1 and A 2m , m ≥ 2. This leads to the above polynomial identities.
Steinberg's theorem applies in the equicharacteristic case and does not hold in the cross-characteristic case. However, it is known that the number of p-singular classes in GL n (F q ), p q, is
where λ ranges over all partitions of n and T (λ) is the number of permutations of cycle type λ in Σ n [15, Corollary 4.22] . The number of p-singular classes, but not the number of p-singular elements, in GL n (F q ), p q, depends only on the p-fusion system.
